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ABSTRACT 

The s t i f f n e s s / w e i g h t  r a t i o s  of s t a t i ca l ly  determinant 
p lane  or space t r u s s e s  are maximized by a d j u s t i n g  t h e i r  b a r  
areas and by optimizing t h e i r  conf igura t ions  . When minimum 
bar  a reas  are s p e c i f i e d  together  w i th  t h e  o u t l i n e  of a t r u s s ,  
a simple nonl inear  programming problem i s  obtained which y i e l d s  
a g l o b a l  optimum. I n  t h e  pure d e f l e c t i o n  problem where minimum 
b a r  areas are not  assigned, t h ree  cases are encountered. I n  
one, no phys ica l  s o l u t i o n s  e x i s t ;  i n  t h e  second, a unique set  
of b a r  areas are obtained which r e p r e s e n t  t h e  absolu te  minimum 
weight design f o r  a s p e c i f i e d  d e f l e c t i o n  o r  conversely;  and i n  
t h e  l a s t ,  a degenerate  case i s  obtained i n  which p o s i t i v e ,  nega- 
t i v e ,  o r  zero  d e f l e c t i o n  can be achieved a t  a node wi th  an in -  
f i n i t e  number of t r u s s  designs of vanishing weight.  Under 
very s p e c i a l  circumstances t h e  minimum d e f l e c t i o n  t r u s s e s  d i s -  
play uniform stresses. Here, t h e  optimum t r u s s  conf igu ra t ion  
corresponds t o  a Michell  s t r u c t u r e  designed f o r  equal  t e n s i l e  
and compressive stresses. In  genera l ,  however, t he  t r u s s  out-  
l i n e  may be  ad jus ted  t o  produce t h e  degenerate  case i n  which 
any d e f l e c t i o n  i s  obta inable  with s t r u c t u r e s  of a r b i t r a r i l y  
s m a l l  weight.  
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I I T  Research I n s t i t u t e  P r o j e c t  No. M6152 

D E S I G N  OF STATICALLY DETERMINATE TRUSSES 
FOR MINIMUM WEIGHT AND DEFLECTION 

by Ralph L.  Barnet t  

I. INTRODUCTION 

A s  m a t e r i a l s  of ever  increas ing  s t r e n g t h  are made ava i l -  
a b l e ,  t h e  proport ioning of s t r u c t u r a l  components w i l l  be 
governed more and more by s t i f f n e s s  and s t a b i l i t y  r a t h e r  than 
s t r e n g t h .  This  r e p o r t  addresses i t s e l f  t o  t h e  problem of de- 
s ign ing  a s t a t i c a l l y  determinate p lane  o r  space t r u s s  under 
a s i n g l e  load s y s t e m  so t h a t  its s t i f f n e s s / w e i g h t  r a t i o  i s  
maximum. This  may be accomplished by optimizing t h e  l o c a t i o n  
of t h e  t r u s s  nodes and b y  optimizing t h e  d i s t r i b u t i o n  of b a r  
areas ; both procedures are t r e a t e d .  

Specifying the  t r u s s  o u t l i n e  toge ther  w i th  c e r t a i n  member 
s i z e s ,  our f i r s t  s t u d i e s  requi red  t h a t  t h e  "open" bar  a reas  i n  
t h e  t r u s s  be var ied  t o  produce a given node d e f l e c t i o n  with a 
minimum volume of m a t e r i a l .  Depending on t h e  loading and t h e  
s p e c i f i e d  d e f l e c t i o n ,  t h r e e  s i t u a t i o n s  w e r e  encountered. I n  
one, no phys ica l  bar  a r eas  e x i s t  which w i l l  s a t i s f y  t h e  de f l ec -  
t i o n  requirement.  I n  another ,  one f i n d s  an i n f i n i t e  number of 
bar  area d i s t r i b u t i o n s  which produce n o t  only t h e  s p e c i f i e d  
d e f l e c t i o n ,  bu t  a l s o ,  nega t ive  d e f l e c t i o n s  o r  zero  d e f l e c t i o n  
a t  t h e  given node. For t h i s  case ,  when s t r e n g t h  and s t a b i l i t y  
are d is regarded ,  any d e f l e c t i o n  can be achieved wi th  t r u s s e s  
of vanishing weight.  I n  t h e  f i n a l  ca se ,  a unique ba r  a r e a  
d i s t r i b u t i o n  i s  obtained which r e p r e s e n t s  t h e  abso lu te  min- 
imum weight design of t h e  t r u s s .  One of t h e  c h a r a c t e r i s t i c s  of 
t h i s  t r u s s  i s  t h a t  t h e  product of t h e  a c t u a l  stress and t h e  
v i r t u a l  stress i s  the  same f o r  a l l  b a r s ;  t h e  v i r t u a l  stresses 
arise from a u n i t  load placed i n  t h e  d i r e c t i o n  and a t  t h e  node of 
t h e  des i r ed  d e f l e c t i o n .  Des igns  of minimum weight and uniform 
stress beams and t r u s s e s  are compared f o r  equal  cons t an t  depth 
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m e m b e r s .  The beam i s  found t o  be supe r io r  t o  t h e  t r u s s  on a 
s t r i c t l y  s t i f f n e s s  /weight bas i s ,  

I n  our second s tudy ,  we again cons ider  a t r u s s  of f ixqd  
o u t l i n e  wi th  c e r t a i n  member s i z e s  s p e c i f i e d ;  only here ,  t he  
open b a r  areas a r e  r equ i r ed  t o  be no smaller than c e r t a i n  
s p e c i f i e d  minimum areas e s t ab l i shed  from perhaps code, s t r e n g t h ,  
o r  s t a b i l i t y  requirements.  I f  t h e  d e f l e c t i o n s  of such a t r u s s  
are excess ive  when t h e  bar  areas a r e  taken as t h e i r  minimum 
s p e c i f i e d  va lues ,  a method i s  presented f o r  s t i f f e n i n g  t h e  
t r u s s  wi th  a minimum inc rease  in  t h e  weight.  The a s soc ia t ed  
mathematical problem may be  formulated as a nonl inear  program- 
ming problem wi th  a nonl inear  ob jec t ive  func t ion  and l i n e a r  
c o n s t r a i n t s .  A very r ap id  procedure s u i t a b l e  f o r  a desk cal-  
c u l a t o r  i s  descr ibed  f o r  f inding t h e  exac t  s o l u t i o n  t o  t h i s  
problem i n  a f i n i t e  number of i t e r a t i o n s .  
i s  unique and r e p r e s e n t s  t he  absolute  minimum weight design 
producing a s p e c i f i e d  node d e f l e c t i o n .  

The r e s u l t i n g  t r u s s  

I n  our f i n a l  minimum weight design problem, both  t h e  loca-  
t i o n  of t h e  t r u s s  nodes and the  ba r  areas are allowed t o  vary.  
For t h i s  problem, previous i n v e s t i g a t o r s  have concluded t h a t  
t he  optimum s t i f f n e s s / w e i g h t  t r u s s  i s  a Michell  s t r u c t u r e .  We 
show t h a t  t h i s  uniformly s t r e s s e d  s t r u c t u r e  i s  optimum only 
when t h e  a c t u a l  and v i r t u a l  loadings are p ropor t iona l .  When t h i s  
i s  not  t h e  case, an i n f i n i t e  number of t r u s s  conf igu ra t ions  can 
be found which produce any des i red  node d e f l e c t i o n ,  inc luding  
zero  d e f l e c t i o n ,  wi th  a s t r u c t u r e  of vanishing weight.  

2 



11. TRUSSES WITH GIVEN CONFIGURATIONS 

The d e f l e c t i o n  of any j o i n t  of a pin-connected t r u s s  i s  
given by the  v i r t u a l  work expression 

T- SUL 
n = L n  

where, f o r  any member, S i s  the d i r e c t  stress r e s u l t i n g  from 
t h e  appl ied  loading,  u i s  t h e  d i rec t  stress r e s u l t i n g  from a 
u n i t  load appl ied i n  t h e  spec i f i ed  d i r e c t i o n  a t  t h e  j o i n t  where 
t h e  d e f e l c t i o n  i s  d e s i r e d ,  L i s  t h e  l eng th ,  A i s  t h e  a rea ,  and 
E i s  t h e  modulus of e l a s t i c i t y ,  The summation extends over a l l  
ba r s  i n  t h e  s t r u c t u r e .  

Consider t h e  b a r s  i n  a s t a t i c a l l y  determinate  t r u s s  t o  be  
d iv ided  i n t o  two groups. I n  the f i r s t ,  the  members w i l l  be corn- 
p l e t e l y  descr ibed and denoted by t h e  s u b s c r i p t  c(c1osed) .  
t h e  second group, everything except t he  member a reas  w i l l  be 
s p e c i f i e d  and these  w i l l  be t r e a t e d  as open parameters.  
group w i l l  be denoted by t h e  subsc r ip t  0. 

I n  

This  
Equation (1) may be 

r e w r i t t e n  as 

S U L  
A E  
c c c - - r- souoLo 

A E  A -  Y- 
C c c  0 0 0  

and mean the  summation ever 
C 

where t h e  symbols 
t h e  members of group c and summation over group o r e s p e c t i  e 1; 

Since w e  are cons ider ing  a design problem as opposed t o  an 
a n a l y s i s  problem, the  d e f l e c t i o n  A w i l l  be s p e c i f i e d  and t h e  
a reas  A. w i l l  be sought.  
four  cases .  

Case 1: 
non-negative f o r  all members and t h e  l e f t  s i d e  of Eq. ( 2 )  i s  
zero ;  o r  a n a l y t i c a l l y ,  

It i s  then meaningful t o  d i s t i n g u i s h  
These w i l l  be  t r e a t e d  i n  t h e  following s e c t i o n s .  

The s i g n  of t h e  product Souo i s  e i t h e r  non-posit ive o r  

3 



y .  s U L  
= 0 and e i t h e r  Souo 0 o r  Souo 5 0 f o r  A E  c c  

@ -  L -  
C 

a l l  =embers 0. 

For t h i s  case, E q .  (2)  cannot b e  s a t i s f i e d  us ing  only 
f i n i t e  values  f o r  Ao. 

Case 2 ;  

Thus, no phys ica l  s o l u t i o n  e x i s t s .  

The s i g n  of t h e  product Souo i s  d i f f e r e n t  from t h a t  
of t h e  l e f t  s i d e  of 

souo 
Y- sc'cLc - i-. A E 
C c c  

E q .  ( 2 )  f o r  a l l  members; o r  a n a l y t i c a l l y ,  

-= - 0 f o r  a l l  members 0. 

For t h i s  cond i t ion ,  t h e  s igns  of t he  r i g h t  and l e f t  s i d e  
of E q .  ( 2 )  cannot be made the  same unless  nega t ive  va lues  of 
t h e  areas A. are admitted. 

Case 3:  
and nega t ive  f o r  o t h e r s ,  

Again, no phys ica l  s o l u t i o n  e x i s t s .  

The product Souo is  p o s i t i v e  f o r  some t r u s s  members 

c 0 and Souo - 0 for t h e  members 0. souo 

W e  s h a l l  show t h a t  i n  t h i s  case any s p e c i f i e d  d e f l e c t i o n  
value can be  obtained using a t r u s s  of a r b i t r a r i l y  s m a l l  weight. 
L e t  each open member with a negat ive product Souo have an a r e a  A1, 
and l e t  t h e  members wi th  a p o s i t i v e  product Souo have an a r e a  A2.  
Then, E q .  ( 2 )  may be w r i t t e n  as 

where t h e  symbols i' and ._ ' a re  t h e  sums over t h e  members wi th  

p o s i t i v e  and negat ive  products Souo r e s p e c t i v e l y .  
f o r  A1 w e  f i n d  t h a t  any f i n i t e  d e f l e c t i o n  A can be  achieved wi th  
non-negative a reas  A1 and Az when A1 i s  given by 

f o  - 0  
Solving E q .  ( 3 )  
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and A2 is  taken 

l i m  A1 = 0 

s u f f i c i e n t l y  small. It i s  clear t h a t  

(5) 

Phys ica l ly ,  w e  no te  t h a t  the stresses and d e f l e c t i o n s  a t  j o i n t s  
o the r  than  t h e  one wi th  t h e  spec i f i ed  d e f l e c t i o n  approach in-  
f i n i t y  as t h e  two areas A1 and A2 approach zero .  

It can be seen from Eq. ( 3 )  t h a t  by "beefing up'' members 
wi th  nega t ive  products Souo ( inc reas ing  A1) , t h e  d e f l e c t i o n  i s  
increased .  
f l e x i b l e  w e  produce unusual e f f e c t s  such as upward de f l ec t ions  
of simply supported t r u s s e s  under downward ac t ing  loads.  This  
s i t u a t i o n  i s  i l l u s t r a t e d  i n  the photograph shown i n  F i g .  1. 
If t h e  f l e x i b i l i t y  of m e m b e r s  wi th  Souo-= 0 are ad jus ted  so t h a t  
ze ro  d e f l e c t i o n  i s  obtained a t  t h e  s p e c i f i e d  node, t h i s  cond i t ion  
w i l l  p e r s i s t  as t h e  loading i s  increased  o r  decreased propor- 
t i o n a l l y .  

On t h e  o the r  hand, by making such members more 

Case 4 :  
t h e  l e f t  s i d e  of Eq. (2 )  f o r  a l l  members; o r  a n a l y t i c a l l y ,  

The s i g n  of the product Souo i s  t h e  s a m e  as t h a t  of 

souo 
S U L  c c c  A -  

L.- A E 
C c c  

> 0 f o r  a l l  members 0. - 

The numerator and denominator i n  t h e  above f r a c t i o n  w i l l  be  
considered,  without  l o s s  i n  g e n e r a l i t y ,  as non-negative q u a n t i t i e s .  
For t h i s  case, w e  s h a l l  f i n d  a set  of  ba r  areas A t  which m i n i m -  
i z e  t h e  t r u s s  weight sub jec t  to t h e  cond i t ion  t h a t  A i s  a s p e c i f i e d  
cons t an t  . 
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The weight of a t r u s s  may be w r i t t e n  

where p i s  t h e  weight dens i ty  of a b a r .  Repeating E q .  (2) ,  t he  
d e f l e c t i o n  i s  

S U L  -- 

( 7 )  
'\ \ -  scu L + // E = s p e c i f i e d  cons t an t .  

C c c  0 0 0  
A E  A =  

Using Lagrange's method of undetermined m u l t i p l i e r s ,  a set  of 
areas A: may be found from E q s .  (6)  and ( 7 )  which render  W 
s t a t i o n a r y ;  hence, 

(8) 
where A i s  t h e  Lagrangian m u l t i p l i e r .  Performing t h e  opera t ions  
i n  E q .  (8), so lv ing  f o r  Ao, and e l imina t ing  A by E q .  (7),  A. 
becomes 

JC 

J- 

Ad' 
0 ( 9 )  

J- -1, 

The weight W" assoc ia t ed  wi th  A i  may be found by s u b s t i t u t i n g  
E q .  (9)  i n t o  ( 6 ) :  

3: - 5- w - ,  + PcAcLc 
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* We s h a l l  now show t h a t  the s t a t i o n a r y  va lue  W i s  an ab- 
s o l u t e  minimum; i . e . ,  f o r  any s e t  of a r eas  A. 
A = s p e c i f i e d  cons t an t ,  W W .  

0 s a t i s f y i n g  * 

* 
Define F 5 W - W 

Using Eqs. (6) and ( l o ) ,  F becomes 

S u b s t i t u t i n g  fo r  A from Eq. (7) ,  one ob ta ins  

1 F =  
0 

L A E  
0 0 0  \ 

The q u a n t i t y  i n  braces  i s  non-negative by Schwarz' s i n e q u a l i t y .  
Since t h e  quan t i ty  

7- souoLo I_ 
AoEo 0 

i s  also non-negative, F 2 0. Q.E.D.  
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It SLIOUl(  be  noted t h a t  t h e  weight of the'lopen'' members 
descr ibed  by t h e  second t e r m  i n  Eq. (10) i s  inverse'ly pro- 
p o r t i o n a l  t o  the  s p e c i f i c  s t i f f n e s s  E / p .  This  r a t i o  i s  ap- 
proximately equal  t o  10 i n .  f o r  most of t he  common metals; 
f o r  ceramics w e  f i n d  s p e c i f i c  s t i f f n e s s e s  as  high as l o 9  i n .  

8 

I f  a t r u s s  i s  designed using one m a t e r i a l ,  E q .  (9) ind ic-  
ates t h a t  i n  t h e  optimum s t i f fnes s /we igh t  t r u s s  the  product of 
t h e  a c t u a l  stress and t h e  v i r t u a l  stress i s  cons t an t  over a l l  
t h e  open members, i . e . ,  

When t h e  a c t u a l  and v i r t u a l  loadings are p ropor t iona l ,  S=ku 
where k i s  a cons tan t .  For such cases i t  is  ev ident  from Eq.(13) 
t h a t  t h e  optimum d e f l e c t i o n  design i s  a uniformly s t r e s s e d  t r u s s .  

I n  F ig .  2 weight comparisons are made among minimum weight 
beams and t r u s s e s  and uniform stress t r u s s e s  when t h e  designs 
are based on d e f l e c t i o n .  The d e t a i l e d  weight r e l a t i o n s h i p s  f o r  
t h e s e  members are developed i n  Appendix C .  The design of op- 
timum s t i f f n e s s / w e i g h t  beams i s  ou t l ined  i n  Appendix A; t h e  
weight of a uniform stress t r u s s  designed on t h e  b a s i s  of de f l ec -  
t i o n  i s  given i n  Appendix B .  

For low values  of L/d where shea r  deformations are s i g n i f -  
i c a n t ,  a beam i s  found t o  be f a r  supe r io r  t o  a t r u s s  when t h e  
des igns  are based on s t i f f n e s s .  
of t h e  t r u s s  weight i s  concentrated i n  t h e  chords t o  resist  bend- 
ing  deformation. 
webless I-beams and t h e  comparisons drawn f o r  t h i s  " idea l"  member 
i n  Table 1 and Fig.  4 of Ref. 1 hold exac t ly  f o r  t h e  t r u s s e s  when 
t h e i r  L/d approach i n f i n i t y .  

For l a r g e  va lues  of L/d,  most 

The r e s u l t i n g  t r u s s e s  are q u i t e  similar t o  
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111. TRUSSES WITH GIVEN CONFIGURATIONS 

A. Design Algorithm 

AND MINIMUM BAR SIZES 

Of t h e  four  cases discussed i n  Sec t ion  11, only t h e  t h i r d  
and f o u r t h  gave r i se  t o  phys ica l ly  a t t a i n a b l e  s o l u t i o n s .  I n  
both of t hese  cases t h e  optimum areas  f o r  t h e  open members w e r e  
e s t a b l i s h e d  without  cons ider ing  t h e  consequences of s t r e n g t h ,  
s t a b i l i t y ,  cor ros ion ,  or  code requirements.  I n  t h i s  s e c t i o n  w e  
s h a l l  again examine cases t h r e e  and f o u r ;  bu t  t h i s  t i m e ,  t h e  
open members w i l l  be assigned minimum areas based on such c r i -  
ter ia .  

Consider a t r u s s  loaded i n  such a manner t h a t  some of t h e  
open members have p o s i t i v e  products Souo and some negat ive .  
Suppose t h a t  t h e  d e f l e c t i o n  a t  some j o i n t  of t h i s  t r u s s  i s  ex- 
c e s s i v e  when minimum ba r  areas Am are used i n  t h e  members. 
Since t h e  s p e c i f i e d  d e f l e c t i o n  A can always be taken as non- 
nega t ive ,  t h e  foregoing s i t u a t i o n  can be expressed as 

,- ' s  u L 1 , - '  SCUCLC * \. souoLo - 0 0 0  + ;  ( 1 4 )  
. - 1 EoAm 1 E A  + $  o m  - 0  c c  E A  O z A c :  

With 
must 

only t h e  areas of t h e  open members a t  our d i s p o s a l ,  w e  
t r y  t o  reduce t h e  magnitude of t he  r i g h t  s i d e  of t h i s  i n -  

e q u a l i t y  t o  t h e  s p e c i f i e d  va lue  A .  C lea r ly ,  t h e  magnitude i s  
reduced when t h e  areas of t he  (t 0) group are increased  and when 
t h e  areas of t h e  (- 0) group a re  decreased. The l a t t e r  course  
i s  p r e f e r r e d  s i n c e  it is  accompanied by a decrease  i n  t h e  t r u s s  
weight.  However, i n  Eq. (14) t h e  members i n  t h e  ( -  0) group 
have a l ready  t h e  smallest admissible areas. The remaining 
p o s s i b i l i t y  i s  t o  inc rease  t h e  a reas  of t h e  (+ 0) group wi th  a 
corresponding inc rease  i n  t r u s s  weight.  

There are circumstances i n  which t h e  f l e x i b i l i t y  of t h e  
c losed  members are so g r e a t  t h a t  t h e  s p e c i f i e d  d e f l e c t i o n  can- 
n o t  phys i ca l ly  be achieved. The cond i t ion  f o r  t he  ex i s t ence  

11 



of a s o l u t i o n  i s  found from Eq. (14) when the  areas of t h e  
(+ 0) group are allowed t o  approach i n f i n i t y ;  hence, 

Case 5: 

phys ica l  s o l u t i o n  i s  impossible.  
Case 6: 

- 0  \-- s c c c +  u L 'i SOUOLO 
L,  i - o 6 

-. EcAc A -  ' 
C 

phys ica l  s o l u t i o n s  are poss ib l e .  

I n f i n i t e l y  many s o l u t i o n s  e x i s t  when the  i n e q u a l i t y  of 
Eq. (16) ho lds ;  however, only one minimizes t h e  t r u s s  weight. 
The fol lowing procedure s t i f f e n s  a t r u s s  wi th  a minimum inc rease  
i n  weight.  

(1) L e t  t h e  minimum areas be  used f o r  those  m e m b e r s  i n  which 
t h e  product Souo i s  negat ive.  
now be  included i n  group c .  

These members should 

( 2 )  Treat t h e  remaining areas  as open parameters (group 0) 
and determine t h e i r  magnitudes from Eq. ( 9 ) .  

* (3)  I f  any of t h e  areas A. assume values  lower than t h e i r  
minimum va lues ,  increase  t h e i r  magnitudes t o  t h e i r  
minimum values  and t r a n s f e r  them t o  group c .  

( 4 )  Return t o  S tep  2 and repeat  t h e  process  u n t i l  t h e  
areas determined by Eq.  (9) are a l l  g r e a t e r  than 
o r  equal  t o  t h e i r  minimum values .  

Af te r  demonstrating t h i s  design procedure by t h e  following 
example, we  s h a l l  r e t u r n  t o  Step 3 and comment on i t s  v a l i d i t y .  

12 



B. Example 

Design the  t r u s s  shown i n  Fig. (3-a) so  t h a t  t he  downward 
d e f l e c t i o n  a t  j o i n t  G i s  equal  t o  55a/E and the weight i s  a 
minimum. 

4 6  

c) s u  - 
8 Fig. 3 SIMPLY SUPPORTED TRUSS 
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Designation 

Some of t h e  p r o p e r t i e s  of t he  t r u s s  shown i n  Fig.  3 are given 
i n  Table  1. 

Spec i f i ed  
Area 

TABLE 1 

TRUSS PROPERTIES 

I 
~ 0.5 14 f l a  

14a 
12  a 
-5 C a  
10 G'a 

AG 
BC 
BG 
CD 

slulLl + 

A - , -  

I I 
Area f 

= - 0  , s4u4L4/ 55a 1 4 f l  a + I - 5 f i '  a 
E I = E -  E E A4 1 

1 7 lQ-.a!2.646 
0.5 7 /2  2a 11.871 
1.0 I 6 1 2a i2.449 

I f 

3.742a 
3.742a 
4.899a 

3.162a 
1.414a 
3.162a 

------ 

The t r u s s  d e f l e c t i o n ,  when s p e c i f i e d  and minimum bar areas are 
used, i s  given by t h e  sum of t h e  r ighthand column; thus ,  

69.936 a 
E Def l ec t ion  = 

However, t h e  s p e c i f i e d  d e f l e c t i o n  i s  

55.000 a 
E A =  

Compute E q .  (16) : 

t h e r e f o r e ,  s o l u t i o n s  e x i s t .  

1 4  



S t e p  1: 

S e t  A4 = 0.2 and t r a n s f e r  i t  t o  group c .  Then 

'cUcLc - 1 4 6  a - 5 6 a  - - 12.728 a 1 - E A _  E E E - 

S t e p  2:  

,-- s u L 
' ___I A 

c c c  
C 

EA - ' 
C 

112 qvi  (16.379) 
55.000 - 1 2 . 7 2 8  - = 0.3875 (Souo) 

9; - 

Member 

S t e p  3: 

I Minimum Area ! A: 

0.5 I ------ 
0.5 : 0.7250 
1.0 
0.2 
0.5 1 0.86645 
0.2 1 0.3875 
0.5 i 0.6126 

* 
i 0.9490 t- A3 e A3m 
f ------ 

I 

S e t  A3 = 1.0 and t r a n s f e r  t o  group c .  Then 

\ -  'cUcLc - 12.728 a + 12.000 a - - 24.728 a 
L E A -  E E E 
C c c  

S t e p  4: 

Return t o  S tep  2 .  

J- ,. - - <%( 11.480) = 0.37923 (Souo) 1 1 2  
*o 55.000 - 24.728 
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e-----_ 

0.70954 

i ------- 3 1  1.0 
1 

4 j  

, 0.2 I0.37923 

; 0.2 
5 0.5 
6 
7 l  0.5 

I 

i 0.59956 
I 

i 

1 

* 
Note t h a t  A. = Am and t h e  procedure ends. 

AL Jc 

i Member (Area (Am or  Ao) ; SUL/A 4nL 

1 1  ' 0.5000 

2 i  
3 j  1.0000 

1 

0.7095 

4 1  0.2000 
5 1  0.8480 
6 0.3792 
7 ;  0.5996 

~ 

I 

I 

i 

I 

I : 19.79906a I 0.7071a 
j 9.86554a I 1.4190a 
: 1 2 . O O O O O a  j 2 . O O O O a  
i -7.07105a 0.2828a 
1 8.33889a 1.1991a 

0.5362a I 3.72916a 
j 8.33944a I 1.1992a 

~ 

I 

I i 

0.7071a 
1. OOOOa 
2 .  O O O O a  
0.2828a 
0.7071a 
0.2828a 
1. O O O O a  

55.00098a 7.3434a 5.9798a 

Column (2)  l i s t s  t h e  optimum areas. Using t h e s e  areas t h e  
d e f l e c t i o n  i s  computed i n  column (3) as a check on the  computa- 
t i o n s .  The volume of material i n  t h e  optimum t r u s s  i s  given i n  
column ( 4 ) ,  and t h e  volume of ma te r i a l  based on minimum areas 
i s  given i n  column ( 5 ) .  

S tep  3 of t he  design procedure i s  t h e  only s t e p  which re- * 
q u i r e s  e l abora t ion .  When an optimum area A i s  increased  t o  
i t s  minimum value,  t h e  optimum values  of a l l  t h e  o the r  member 
areas are affected.  If such an inc rease  can cause  some of t h e  

j 
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I 

optimum values  of t h e  open members t o  inc rease ,  our design 
procedure breaks down. 
t h a t  w e  had assigned a minimum value of area t o  a member which 
might have r equ i r ed  a l a r g e r  a rea  a f t e r  o t h e r  member a reas  had 
been increased  t o  t h e i r  minimum values  i n  accordance wi th  
S tep  3 .  W e  must, t h e r e f o r e ,  show t h a t  an inc rease  i n  any op- 
timum area va lue  w i l l  decrease d l  of t h e  o t h e r  optimum area 
v a l u e s ,  

There would a lways  be  the  p o s s i b i l i t y  

Assume t h a t  Steps 1 and 2 have been performed. Now con- 
s i d e r  any open members, say t h e  i t h .  I f  we  f i x  t h a t  area of 
t h i s  m e m b e r  a t  Ai, t h e  expression f o r  t h e  remaining optimum 
areas i s  found by appropr i a t e ly  modifying Eq. ( 9 ) ;  t hus ,  

- 
- 

* LO 

\,- s u L SiUiLi c c c -  
A E  AiEi A -  

C c c  

where t h e  symbol o-i denotes the  summation over a l l  t he  open 
members except t h e  i t h .  
optimum value  A I ,  Eq. (17)  reduces t o  Eq. ( 9 ) .  
Ai i s  f ixed  a t  a value g r e a t e r  than Ai, we  s h a l l  denote t h e  
va lues  given by Eq. ( 1 7 )  as A i " .  W e  must show t h a t  A. 
t h a t  

When the a r e a  Ai i s  f ixed  a t  i t s  
-1- 

When t h e  area 
Jt 

+L 9:J; J; - c A. o r  

-.- n -  
C 

, 
4 -  - 

a 

' souo 
oEo 

J- 

Since Ai 
t o  t h e  denominator on the  r i g h t  and t h e  i n e q u a l i t y  obviously holds .  
Hence S tep  3 i s  j u s t i f i e d .  

A; the  denominator on t h e  l e f t  i s  g r e a t e r  than o r  equal  

17 
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I V .  OPTIMUM TRUSS CONFIGURATIONS 

The equivalence of maximum r i g i d i t y  wi th  rninimum t o t a l  
s t r a i n  energy o r  uniform stress for a given volume of material 
has  been suggested by a number of au thors  (Ref. 2 , 3 , 4 , 5 , 6 )  
beginning wi th  H. R .  Cox i n  1936 and cont inuing  wi th  Richards 
and Chan i n  1966. Saelman ( R e f . 7  ) demonstrated i n  1958 t h a t  
t h e s e  cond i t ions  do not  r e s u l t  i n  maximum s t i f f n e s s  f o r  t h e  
t o r s i o n  problem; Barne t t  (Ref. 1,8) proved a s i m i l a r  r e s u l t  
f o r  beams and e s t a b l i s h e d  the circumstances under which minimum 
d e f l e c t i o n  designs d i sp lay  uniform maximum f i b e r  stresses. 
W e  s h a l l  begin t h i s  s e c t i o n  by re-emphasizing t h e  previously 
e s t a b l i s h e d  r e l a t i o n s h i p  between optimum s t i f f n e s s / w e i g h t  
t r u s s e s  and uniform stress t r u s s e s .  

For s ta t ica l ly  determinate  t r u s s e s  proport ioned e n t i r e l y  
on t h e  b a s i s  of s t i f f n e s s ,  t h e  minimum weight W (Case 4 )  i s  
given by Eq. (10). The corresponding weight of t h e  uniform 
stress t r u s s  Wc i s  given by Eq. (31) i n  Appendix B.  When a l l  
b a r  areas are open and only one material i s  used, we  wish t o  
show t h a t  WJi < - W c .  

* 

Thus, 

(19) 
.?c 

From Schwarz’s i n e q u a l i t y  w e  conclude t h a t  W 
e q u a l i t y  holds i f  and only i f  uo i s  p ropor t iona l  t o  S o ,  i . e . ,  
buo + cSo = 0 where b and c a r e  cons t an t s .  

5 Wc and t h a t  t h e  

W e  s h a l l  f i r s t  cons ider  the  case where t h e  a c t u a l  and v i r -  
Here, So i s  p ropor t iona l  t o  uo t u a l  loadings are p ropor t iona l .  

and t h e  minimum d e f l e c t i o n  t r u s s  i s  uniformly s t r e s s e d .  
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I t s  weight can be found from e i t h e r  Eq. (10) o r  Eq. 
we  t ake  So/uo = k and only one ma te r i a l  i s  used. 

This  equat ion  r ep resen t s  t he  lowest poss ib l e  weight 
s t a t i ca l ly  determinate  t r u s s  of given conf igu ra t ion  
designed f o r  a s p e c i f i e d  d e f l e c t i o n  A ( o r  s t i f f n e s s  

(31) when 

f o r  a 
which i s  
k/A). I f  

w e  wish t o  select t h e  optimum t r u s s  conf igu ra t ions  from a l l  pos- 
s i b l e  minimum weight candida tes ,  we  must choose those which 
minimize t h e  q u a n t i t y  shown i n  t h e  b racke t s  of Eq. (20 ) .  

I n  1904, Michel l  (Ref.9 ) developed t h e  condi t ions  f o r  
minimizing t h e  quan t i ty  ' So/ Lo. The a s soc ia t ed  minimum weight 
s t r u c t u r e s  are usua l ly  found t o  be s t a t i ca l ly  determinate;  how- 
eve r ,  h y p e r s t a t i c  Michel l  s t r u c t u r e s  may sometimes occur.  I f  
t h i s  should happen, it i s  always p o s s i b l e  t o  f i n d  an equal  
weight s t a t i c a l l y  determinate  Miche11 s t r u c t u r e .  Refer r ing  t o  
t h e  l i t e r a t u r e  w r i t t e n  i n  English,  t h i s  i s  guaranteed b y  t h e  
theorems of Sved ( R e f .  10) and Barta  (Ref. 11) which s t a t e  
t h a t  i n  p in - jo in t ed  plane o r  space s t r u c t u r e s  of n b a r s  involv- 
ing  r redundancies,  i t  i s  poss ib l e  t o  o b t a i n  a s ta t ica l ly  d e t e r -  
minate s t r u c t u r e  which y i e l d s  t h e  least  poss ib l e  weight by 
removing r properly chosen redundant b a r s  from t h e  given network. 
The theorem holds f o r  f i x e d ,  not necessarily equal ,  permiss ib le  
stresses i n  t ens ion  and compression. 

0 

T o  summarize, when t h e  ac tua l  and v i r t u a l  loadings on a 
t r u s s  are p ropor t iona l ,  t he  optimum s t i f f n e s s / w e i g h t  t r u s s  i s  
given by a Michell  s t r u c t u r e ,  e i t h e r  s t a t i ca l ly  determinate  o r  
inde termina te ,  designed f o r  equal magnitude t e n s i l e  and compres- 
s i v e  stresses. Such a s t r u c t u r e  minimizes t h e  t o t a l  s t r a i n  
energy as  shown by Richards and Chan (Ref.5 ) who propose t h i s  
cond i t ion  a r b i t r a r i l y  as a general  s t i f f n e s s  c r i t e r i o n .  
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I The au thors  H.  L .  Cox (Ref. 3 ) and Hemp (Ref. 4 ) a l s o  adopt 
t h i s  minimum s t r a i n  energy argument; bu t ,  they i n c o r r e c t l y  
propose t h e  genera l  Michell  s t r u c t u r e  without  r e q u i r i n g  t h a t  1 
a l l  stresses have t h e  same magnitude. 

Very  few s i t u a t i o n s  arise where t h e  a c t u a l  and v i r t u a l  
loadings are propor t iona l .  Such cases  are encountered when 
a s i n g l e  concentrated load acts on a t r u s s  and t h e  d e f l e c t i o n  
under t h e  load i s  minimized. Examples of t h i s  case are fu r -  
nished b y  t h e  Michell  s t r u c t u r e s  shown i n  F igs  4a and 4b 
which minimize r e s p e c t i v e l y  t h e  c e n t r a l  and t i p  d e f l e c t i o n s .  
W e  no te  t h a t  t h e  l eng th  t o  depth r a t i o  f o r  t hese  optimum mem- 
b e r s  may b e  imprac t i ca l ly  l a r g e ;  f o r  the optimum simply suppor- 
t e d  beam L/d =$-. 
s i n g l e  f o r c e  F a c t i n g  through the  d e f l e c t i o n  6 must equal  t h e  

1 
I 
I For such problems t h e  work done by t h e  

s t r a i n  energy U ;  t hus ,  

1 

I n  t h i s  simple s i t u a t i o n  it i s  clear t h a t  t h e  s t r u c t u r e  minimiz- 
ing u w i l l  a l s o  minimize 6. I 

1 
I f  s e v e r a l  loads of t h e  same magnitude F a c t  on a t r u s s  

and 6 i  r e p r e s e n t s  t h e  d e f l e c t i o n  under t h e  i t h  load i n  t h e  
d i r e c t i o n  of i t s  a c t i o n ,  t h e  optimum may again lead  t o  a Michell  
s t r u c t u r e .  Equating t h e  s t r a i n  energy U t o  t h e  work done by t h e  
f o r c e s  F we  ob ta in  

I 
I 

Consequently, a s t r u c t u r e  which minimizes t h e  s t r a i n  energy w i l l  
a l s o  minimize t h e  sum of the  displacements under t h e  fo rces  F .  
T o  formulate  t h i s  problem using v i r t u a l  loads ,  w e  no te  t h a t  t h e  
d e f l e c t i o n  formula, E q .  ( l ) ,  used i n  t h e  u n i t  load method when 
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a .  Simply Supported B e a m  

b .  Cant i lever  B e a m  

Fig.  4 OPTIMUM MICHELL STRUCTURES 
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s e v e r a l  u n i t  loads are placed on a s t r u c t u r e  p r e d i c t s  t h e  sum 
of t h e  d e f l e c t i o n s  which occur under t h e  u n i t  loads .  Thus, i n  
t h i s  case, w e  would p l ace  a u n i t  load t o  correspond t o  each 
load F .  The r e s u l t i n g  v i r t u a l  loading would be  r o p o r t i o n a l  t o  
t h e  a c t u a l  loading,  A would be i n t e r p r e t e d  as f6 i iy and t h e  
optimum t r u s s  would be  a uniformly s t r e s s e d  Michel l  s t r u c t u r e .  
Now, i f  w e  wish t o  minimize t h e  sum of t h e  d e f l e c t i o n s  under 
a set of loads of unequal magnitudes, w e  observe t h a t  t h e  a c t u a l  
and v i r t u a l  loadings are no longer p ropor t iona l  and t h a t  t h e  
optimum t r u s s  cannot be a Michell s t r u c t u r e ,  

The two cases leading  t o  Michell s t r u c t u r e s  which w e  have 
j u s t  examined are probably t h e  only s i t u a t i o n s  where So and uo 
are p ropor t iona l .  I n  a l l  o t h e r  problems minimum s t r a i n  energy 
s t r u c t u r e s  w i l l  no t  provide optimum s t i f f n e s s / w e i g h t  t r u s s e s .  
For such problems i t  does not  appea r  t o  be  d i f f i c u l t  t o  choose 
b a r  arrangements which lead  t o  t h e  degenerate  case descr ibed 
under Case 3 i n  Sec t ion  11. Here, w e  recall  that  p o s i t i v e ,  
nega t ive ,  o r  zero d e f l e c t i o n s  can be obtained wi th  an i n f i n i t e  
number of t r u s s e s  of vanishingly s m a l l  weight.  The s t r u c t u r e  
shown i n  F ig .  5a provides an example of a degenerate  t r u s s  design 
f o r  a s i n g l e  concentrated load which does no t  act a t  t h e  node 
where w e  are i n t e r e s t e d  i n  t h e  d e f l e c t i o n .  

Another example i s  i l l u s t r a t e d  i n  F ig .  5 b  where i t  i s  re- 

8 qui red  t h a t  we  minimize the  c e n t r a l  d e f l e c t i o n  i n  a t r u s s  under 
t h r e e  symmetrically loca ted  forces .  Examining F ig .  5 a makes 
i t  clear t h a t  a v i r t u a l  u n i t  load placed i n  t h e  c e n t e r  of  t h e  
span cannot be p ropor t iona l  t o  the  t h r e e  fo rces  shown; conse- 
quen t ly ,  t he  optimum t r u s s  w i l l  no t  b e  a Michel l  s t r u c t u r e .  
Observe t h a t  t h e  l inkage  shown in  F ig .  5 b w i l l  provide an upward 
f o r c e  and movement a t  t h e  cen te r  node t o  counterac t  t h e  load Q. 
Adding b a r s  t o  t h i s  mechanism, w e  can ob ta in  t h e  s t a t i c a l l y  
de te rmina te  t r u s s  shown i n  Fig.  5 c .  

! 
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a. Spec i f ied  Loading 
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b.  Linkage 

0 .* 

I 
I 
I 
I 
8 

c .  Degenerate Truss  

F ig .  5 OPTIMUM TRUSS DESIGN (Vi r tua l  and Actual Loadings 
not  Propor t iona l )  I 
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A simple s t a t i c  ana lys i s  i nd ica t e s  t h a t  t h e  members AB and BC 
i n  t h i s  t r u s s  w i l l  provide negat ive values  of t h e  product Su 
when t h e  dimension a i s  adjusted so t h a t  

2b Q C - P  a 

Hence, t he  condi t ions  of Case 3 a r e  r e a l i z e d ;  namely, both 
p o s i t i v e  and nega t ive  values  of Souo occur i n  t h e  same t r u s s .  
The b a r  areas may be ad jus ted  i n  an i n f i n i t e  number of ways 
t o  ob ta in  any c e n t r a l  d e f l e c t i o n  des i r ed .  We no te  i n  c los ing  
t h a t  when t h e  a c t u a l  and v i r t u a l  loadings are p ropor t iona l ,  
a nega t ive  d e f l e c t i o n  would v i o l a t e  t he  conserva t ion  of energy. 
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APPENDIX A* 

OPTIMUM STIFFNESS - WEIGHT BEAMS 

A d e t a i l e d  development of minimum weight beams designed 
The r e l a t i v e l y  exac t  f o r  d e f l e c t i o n  may be found i n  Ref. 1. 

t rea tment  given t h e r e  f o r  I-beams, un fo r tuna te ly ,  masks t h e  
in f luence  of some of t h e  important beam parameters on optimum 
beam weight.  Here, we  o b t a i n  a very simple formula f o r  minimum 
beam weight by using 
of i n e r t i a  and shape 

approximate expressions f o r  t h e  moment 
f a c t o r .  

I - B e a m  Sec t ion  

The moment of i n e r t i a  and shape f a c t o r  f o r  t h e  s e c t i o n  shown i n  
t h e  above f i g u r e  are, 

1 2  . w  (3Af + A 1 I&-. d2 

a / A  -L l / A w  ... (See Ref. 13) .  

The d e f l e c t i o n  of any s ta t ica l ly  de termina te  beam i s  given by 

*The material i n  t h i s  appendix w a s  taken from t h e  paper by 
Barne t t  (Ref .12 )  and i s  included here  f o r  t h e  sake of completeness. 
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where M i s  t h e  bending moment, V i s  t h e  shea r ,  m i s  the  v i r -  
t u a l  m o m e n t  and v i s  t h e  v i r t u a l  shear  caused by a u n i t  load 
placed where t h e  d e f l e c t i o n  i s  des i r ed ,  G i s  t h e  shear  modulus 
and t h e  i n t e g r a l  i s  taken over the span S .  The weight of t h e  
beam i s  given by, 

W = l p ( A f  + A,) dx (22) 
S 

Using v a r i a t i o n a l  c a l c u l u s ,  t h e  cond i t ions  f o r  minimizing 
t h e  weight W s u b j e c t  t o  t h e  requirement t h a t  A equal  i s  spec i -  
f i e d  c o n s t a n t  are 

< 

12Mm 
+ A,) 

12Mm 

where y i s  a constand m u l t i p l i e r .  Performing t h e  opera t ions  i n  
Eq. (23) and (24) ,  and e l imina t ing  Y wi th  Eq. (21), t he  optimum 
area d i s t r i b u t i o n s  become 

S u b s t i t u t i n g  these  a reas  i n t o  Eq.  (22), w e  o b t a i n  an express ion  

f o r  t h e  minimum weight beam. 

8 where 
n 
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APPENDIX B 

CONSTANT STRESS TRUSSES 

The weight of a uniform stress t r u s s  designed for def l ec -  
t i o n  o f t e n  approximates and sometimes equals  t h e  weight of a 
minimum weight t r u s s .  The b a r  areas of such a t r u s s  a r e  given 

( 2 9 )  

where 0 i s  a cons t an t .  
va lue  of CT may be found f o r  any s p e c i f i e d  d e f l e c t i o n ;  thus 

By s u b s t i t u t i n g  A. i n t o  E q .  (l), t h e  

A o =  
so uoLo 5mT- 

Using t h e  express ions  f o r  A, and 0 ,  t h e  weight of a 
cons t an t  stress t r u s s  Wc becomes, 
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APPENDIX C 

1. End Loaded Can t i l eve r s  

I n  t h i s  appendix, we  s h a l l  compute t h e  weight of a min- 
imum weight ,  cons t an t  depth,  c a n t i l e v e r  t r u s s  and beam sub- 
j e c t e d  t o  a concentrated end load. 
i n  F ig .  6 . 

The t r u s s  geometry i s  defined 

Fig .  6 END LOADED CANTILEVER TRUSS 

Expressions are given below f o r  the  a c t u a l  and v i r t u a l  b a r  
fo rces  and the  b a r  lengths .  

n+3 - 
s = (-1) p G-2 
n 

n = l Y 3 , 5 , . . . N - l  
u = (-1) l + a  n 

n 
2 Pan 

n 

-- 
= (-1) 2 

- 
2 %  u = (-1) 2 n 
-_. -- .. 

2 L = d  ' 1 + a  n 

Ln = 2 a  

Ln = a 

n = 2 , 4 , 6 , .  . .N 

n = 1 , 3 , 5 , ,  . . N - 1  

n = 2 ,4 ,6 ,  ... N - 2  

n = N  
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where I 
I 

a s a /d  

N = 2(L/a) 

It i s  noted t h a t  t h e  r a t i o  S/u = P f o r  each of t h e  t r u s s  members. 
S ince  t h i s  r a t i o  i s  cons t an t  throughout t h e  t r u s s ,  t h e  minimum 
weight des ign  and t h e  uniform stress des ign  are equiva len t .  8 

Using t h e  express ions  f o r  Sn,  un, Ln, t h e  t r u s s  weight 
may be computed from E q .  (10) .  

The minimum of t h i s  expression occurs when t h e  web members are 
placed a t  45 degree angles ,  i . e . ,  a = 1. The v a r i a t i o n  of W* 
f o r  angles  near  45 degrees i s  q u i t e  s m a l l  as can  be seen from 
F ig .  7 .  For a = 1, W becomes 

f; 

pL2 (2 + L/d)' 
-1, 

w" = b I  

I f  an I-beam i s  used in s t ead  o f  a t r u s s ,  i t s  weight i s  computed 
from E q .  (27) when 

M = Px 

m = x  

V = P  

v = l  
29  
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/ -  

and x i s  measured f r o m  t h e  f r e e  end. Thus, I 
I 
I 
8 

a- - (33) 

The r a t i o  of beam t o  t r u s s  weight i s  found f r o m  Eq. (32) 
and (33). 

I 
I 
I 
I 
I 

1 
I 
1 
I 
8 
I 
I 
I 

n 

(L/d)' + 2.580 (L/d) + 1.667 - - 'beam - ( L / d P  + fi B(L/d) + 7 B - 
' truss (2 + L/d)2 (2 + L/d)' 

(34) 
f o r  B 2 = 2.5.  This  r a t i o  i s  p l o t t e d  a g a i n s t  L/d i n  F ig .  2 .  
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2 .  Cant i lever  Under a Triangular  Loading 

The t r u s s  def ined  i n  Fig.  8 s h a l l  be designed f o r  minimum 
weight and uniform stress. The r e s u l t i n g  d e f l e c t i o n  designs 
w i l l  be compared t o  a minimum weight, cons t an t  depth,  I-beam 
of equiva len t  s t i f f n e s s .  

F i g .  8 TRUSS UNDER A TRIANGULAR LOADING 

The a c t u a l  and v i r t u a l  ba r  stresses and t h e  member lengths  
f o r  t h e  t r u s s  are given by the  following expressions:  

i n = 1 , 3 , 5 ,  ... N - 1  i 
n+3 ___- 

u n = (-1)-T y'1 + a2 

n/2  - Ra2, n 3 
3L 2 (7) s = (-1) n 

u n = ( - l ) n / 2  a(?) 

j 
I 

I = 2 , 4 , 6 , .  .-.N 
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Ln = d  y x 2  
Ln = 2a 

Ln = a 

n = 1 , 3 , 5 , .  . . N - 1  

n = 2,4 ,6 ,  ... N-2 

n = N  

where 

a E a /d  

N = 2(L /a )  

of a 
S u b s t i t u t i n g  these  i n t o  Eq. (lo), we ob ta in  t h e  weight 
minimum weight t r u s s .  

In t roducing  t h e  approximation 

N- 1 N - 1  

n=1,3 n = l  , 3 

J; 
W becomes 

l 2  
J ’‘ (1 + a2) + 2(L/d) 

2 
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. 
For t h i s  loading,  i t  i s  c l e a r  t h a t  t he  optimum web angle  

i s  no t  45 degrees .  For L/d = 1, ct - 0.79; as L/d-m, a-1. 
The weight of a uniform o r  constant  stress t r u s s  i s  found from 

Eq. (31).  f Using t h e  expressions f o r  Sn, un, and Ln, Wc becomes 

N-2 i 

n=2 , 4 E 

I 

r I 

[n=1 , 3 n=2,4 

The r a t i o  of t h e  weights of the minimum weight t r u s s  and t h e  
cons t an t  stress t r u s s  i s  found from Eq. (35) and (36) .  For 
a = 1 it becomes 

I 

min. - 27 W 
W 

- 
[(L/d)2 + 5(L/d) + 7 + const ,  

I This  r a t i o  i s  p l o t t e d  aga ins t  L/d i n  F ig .  2.  

The following expressions g ive  t h e  a c t u a l  and v i r t u a l  I bending moments and shear  ac t ing  on an I-beam subjec ted  t o  a 
t r i a n g u l a r  loading. 

3 
M = -7 R x  I 

I 

3LL 

m = x  

v - 1  

(37) 
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I -  
where x i s  measured from t h e  f r e e  end of the  c a n t i l e v e r .  Using 
these  r e l a t i o n s h i p s ,  t h e  weight of a minimum weight I-beam can 
b e  computed from Eq. (27);  thus,  

I 
E 

- J 

2 
(38)  - 4RL2 ( 3 f i  

'b-27n(E/p) TB+i) 

The r a t i o  of the  weights of t he  minimum weight beam and the  
minimum weight t r u s s  can be  found from Eq. (35) and (38). 
For a = 1 and p = 2.5, t he  ratio becomes 2 

'beam 4(1.667 + L/d)* 
truss '5.196 + 2(L/d) + -0 ' ' I  w= f 

i 
- 

This  r a t i o  i s  p l o t t e d  aga ins t  L/d i n  Fig.  2. 

(39) 
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Af 
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A2 
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b 

d 

E 

APPENDIX D 

NOTATION 

Bar area, o r  beam a r e a  

Optimum ba r  area 

Flange areas of an I-beam 

Minimum allowable a r e a  of a t r u s s  member 

Web area of an I-beam 

Defined where used 

Defined where used 

Defined where used 

Half t h e  d i s t a n c e  between panel po in t s  of a t r u s s ,  
o r  overhang d i s t a n c e  

Constant ,  o r  l i n e a r  dimension 

Truss  or  beam depth 

Modulus of e l a s t i c i t y  
* 

F s W - W  

G Modulus of r i g i d i t y  

I Moment of i n e r t i a  

k Constant 

L Length of a t r u s s  member, o r  span of a beam o r  t r u s s  

M Bending moment 

m V i r t u a l  bending moment 

N T o t a l  number of t r u s s  members 

n The number of a t r u s s  member; i n t e g r a l  v a r i a b l e  

P Concentrated end load 

R T o t a l  t r i a n g u l a r  load 
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- 

S 

U 

v 
V 

W 

W* 

wC 

Wt 

'b 

X 

B e a m  span; Bar fo rce  

V i r t u a l  b a r  fo rce  

Ex te rna l  shear  f o r c e  

V i r t u a l  shear  fo rce  

Beam o r  t r u s s  weight 

Minimum t r u s s  weight 

Minimum beam weight 

Weight of  a cons t an t  stress t r u s s  

Minimum t r u s s  weight 

Independent v a r i a b l e  

a E a /d  ... a l s o ,  shape f a c t o r  

Y Constant m u l t i p l i e r  

p Weight dens i ty  

CT Stress l e v e l  

8 Web angle  

n Speci f ied  d e f l e c t i o n  o r  d e f l e c t i o n  

A Lagrangian m u l t i p l i e r  

C 

0 Subscr ip t  denoting open members 

i Subsc r ip t  denoting a s p e c i f i c  t r u s s  member 

Subscr ip t  denoting c losed  or def ined  members 

- 
p VE/G 
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